Abstract: The notions of centrifugal (centripetal) and Coriolis' velocities and accelerations are introduced and considered in spaces with a¯ne connections and metrics [(L n ; g)-spaces] as velocities and accelerations of ®ows of mass elements (particles) moving in space-time. It is shown that these types of velocities and accelerations are generated by the relative motions between the mass elements. They are closely related to the kinematic characteristics of the relative velocity and relative acceleration. The centrifugal (centripetal) velocity is found to be in connection with the Hubble law. The centrifugal (centripetal) acceleration could be interpreted as gravitational acceleration as has been done in the Einstein theory of gravitation. This fact could be used as a basis for workingout new gravitational theories in spaces with a¯ne connections and metrics.
Introduction
The relative velocity and the relative acceleration between particles or mass elements of a°ow are important characteristics for describing the evolution and the motion of a dynamic system. On the other side, the kinematic characteristics related to the relative velocity and the relative acceleration (such as deformation velocity and acceleration, shear velocity and acceleration, rotation velocity and acceleration, and expansion velocity and acceleration) characterize speci¯c relative motions of particles and /or mass elements in a°ow [1] [2] [3] [4] . On the basis of the links between the kinematic characteristics related to the relative velocity and these related to the relative acceleration, the evolution of a system of particles or mass elements of a°ow could be connected to the geometric properties of the corresponding mathematical model of space or space-time [5] . Many of the notions of classical mechanics or of classical mechanics of continuous media preserve their physical interpretation in more comprehensive spaces than the Euclidean or Minkowskian spaces, considered as mathematical models of space or space-time [6] . On this background, the generalizations of the notions of Coriolis' and centrifugal (centripetal) accelerations [7] from classical mechanics in Euclidean spaces are worth investigating in spaces with a±ne connections and metrics [(L n ; g)-spaces] [8] [9] [10] [11] [12] .
Usually, the Coriolis' and centrifugal (centripetal) accelerations are considered as apparent accelerations, generated by the non-inertial motion of the basic vector¯elds determining a co-ordinate system or a frame of reference in an Euclidean space. In Einstein's theory of gravitation (ETG) these types of accelerations are considered to be generated by a symmetric a±ne connection (Riemannian connection) compatible with the corresponding Riemannian metric [5] . In both cases they are considered as corollaries of the non-inertial motion of particles (i.e. of the motion of particles in non-inertial co-ordinate system).
In the present paper, the notions of Coriolis' and centrifugal (centripetal) accelerations are considered with respect to their relations with the geometric characteristics of the corresponding models of space or space-time. It appears that accelerations of these types are closely related to the kinematic characteristics of the relative velocity and of the relative acceleration. The main idea to be ascerained, is how a Coriolis' or centrifugal (centripetal) acceleration acts on a mass element of a°ow or on a single particle during its motion in space or space-time described by a space of a±ne connections and metrics. In Section 1, the notions of centrifugal (centripetal) and Coriolis' velocities are introduced and considered in (L n ; g)-spaces. The relations between the kinematic characteristics of the relative velocity and the introduced notions are established. The centrifugal (centripetal) velocity is found to be in connection with the Hubble law in spaces with a±ne connections and metrics. In Section 2, the notions of centrifugal (centripetal) and Coriolis' accelerations are introduced and their relations to the kinematic characteristics of the relative acceleration are found. In Section 3 the interpretation of the centrifugal (centripetal) acceleration as gravitational acceleration is given and illustrated on the basis of the Einstein theory of gravitation and especially on the basis of the Schwarzschild metric in vacuum.
The main results in the paper are given in details (even in full details) for readers who are not familiar with the considered problems. The de¯nitions and abbreviations are identical to those used in [9, 11, 12] . The reader is kindly asked to refer to them for more details and explanations of the statements and results only cited in this paper.
Centrifugal (centripetal) and Coriolis' velocities
Let us now recall some well known facts from kinematics of vector¯elds over spaces with a±ne connections and metrics [(L n ; g) -spaces], considered as models of space or space-time [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] .
Every contravariant vector¯eld » could be represented by the use of a non-isotropic (non-null) contravariant vector¯eld u and its corresponding contravariant and covariant projective metrics h u and h u in the form
where
By means of the representation of », the notions of relative velocity and relative acceleration are introduced [9, 11] in (L n ; g) -spaces. With that, the contravariant vector eld » has been considered as a vector¯eld orthogonal to the contravariant vector¯eld u,
. Both¯elds are considered as tangent vector¯elds to the corresponding co-ordinates, i.e. they ful¯l the condition [8] 
Under these preliminary conditions the relative velocity rel v could be found in the form [9, 11] 
The covariant tensor d is the deformation velocity tensor; the covariant symmetric trace-free [g[¾] = g ij ¢ ¾ ij = 0] tensor ¾ is the shear velocity tensor; the covariant antisymmetric tensor ! is the rotation velocity tensor; the invariant µ is the expansion velocity invariant. The contravariant vector¯eld rel v is interpreted as the relative velocity of two points (mass elements, particles) moving in a space or space-time and having equal proper times [1] [2] [3] [4] . The vector¯eld » ? is orthogonal to u and is interpreted as a deviation vector connecting the two mass elements (particles) (if considered as an in¯nitesimal vector¯eld).
Let us now consider the representation of the relative velocity by the use of a nonisotropic (non-null) contravariant vector¯eld » ? (orthogonal to u) and its corresponding projective metrics
Then a contravariant vector¯eld v could be represented in the form
Therefore, the relative velocity rel v as a contravariant vector¯eld could be now written in the form
The Remark 2.1. The word (relative) is used here to stress the fact that the centripetal and the Coriolis velocities appear with respect to a trajectory interpreted as the world line of an observer with his sub space T ?u (M ), orthogonal to u at every point of his world line.
We can introduce the (normalized) contravariant unit vectors n k and n ? as
Remark 2.2. The signs ( §) and (¨) are depending on the signature of the metric g of the space or space-time.
By use of the contravariant unit vectors n k and n ? the (relative) centrifugal (centripetal) velocity v z could be written in the form
2. 
(c) The length of the vector v z could be found by means of the relation
From the previous expression, we can conclude that the square of the length of the centrifugal (centripetal) velocity is in general in inverse proportion to the length of the vector¯eld » ? .
Special case 2.3. M n := E n , n = 3 (3-dimensional Euclidean space):
If the relative velocity rel v is equal to zero then v z = 0.
(d) The scalar product between v z and rel v could be found in its explicit form by the use of the explicit form of the relative velocity rel v
and the relations
For
it follows that
On the other side, we can express v 2 z by the use of the kinematic characteristics of the relative velocity ¾, !, and µ
Therefore, for l vz we obtain
Special case 2.5. µ := 0 (expansion-free relative velocity)
Remark 2.6. If we introduce as above the unit vector¯eld n ? , normal to u and normalized, as
,
then the above expressions for v
; » ? ) could be written in the form:
Special case 2.7. ¾ := 0 (shear-free relative velocity)
(e) The explicit form of v z could be found as
we have a centrifugal (relative) velocity.
we have a centripetal (relative) velocity.
Special case 2.8. µ := 0 (expansion-free relative velocity)
Special case 2.9. ¾ := 0 (shear-free relative velocity)
If the expansion invariant µ > 0, we have centrifugal (or expansion) (relative) velocity. If the expansion invariant µ < 0, we have centripetal (or contraction) (relative) velocity. Therefore, in the case of a shear-free relative velocity, v z is proportional to the expansion velocity invariant µ. The centrifugal (centripetal) relative velocity v z could also be written in the form
On the other side, on the basis of the relations
and for v z
Since l » ? > 0, we have three di®erent cases:
Special case 2.10. ¾ := 0 (shear-free relative velocity)
For v z > 0 : µ > 0 we have an expansion; for v z < 0 : µ < 0 we have a Contraction; and for v z = 0 : µ = 0 we have a stationary case.
Special case 2.11. µ := 0 (expansion-free relative velocity)
For v z > 0 :¨¾(n ? ; n ? ) > 0 we have an expansion; for v z < 0 :¨¾(n ? ; n ? ) < 0 we have a contraction; and for v z = 0 : ¾(n ? ; n ? ) = 0 we have a stationary case.
In an analogous way we can¯nd the explicit form of v
The expression for v 2 z could be now written in the form
and
Remark 2.12. From the forms of
It follows from the last (previously) expression that the centrifugal (centripetal) relative velocity v z = H ¢ » ? is collinear to the vector¯eld » ? .
The absolute value l vz = j H j ¢l » ? of v z and the expression for the centrifugal (centripetal) relative velocity v z = H ¢ l » ? ¢ n ? = H ¢ » ? represent generalizations of the Hubble law [5, 15] . The function H could be called a Hubble function (some authors call it Hubble coe±cient [5, 15] dimension sec is usually denoted in astrophysics as Hubble's time [15] .
The Hubble function H could also be represented in the forms [12] 
In the Einstein theory of gravitation (ETG) the Hubble coe±cient is considered under the condition that the centrifugal relative velocity is generated by a shear-free relative velocity in a cosmological model of the type of Robertson-Walker [5, 15] , i.e.
From the explicit form of H, it follows that in this case
and the Hubble function H depends only on the expansion velocity µ.
Special case 2.14. U n -or V n -space: r u g = 0, $ u g := 0 (the contravariant vector¯eld u is a Killing vector¯eld in the corresponding space)
Therefore, in a (pseudo) Riemannian space with or without torsion (U n -or V n -space) the Hubble function H is equal to zero if the velocity vector¯eld u (n = 4) of an observer is a Killing vector¯eld ful¯lling the Killing equation $ u g = 0. This means that the condition $ u g = 0 is a su±cient condition for the Hubble function H to be equal to zero. Therefore, an observer, moving in space-time with a velocity vector¯eld u obeying the condition $ u g = 0, could not detect any centrifugal (centripetal) relative velocity v z . All mass elements (particles) in the surroundings of the observer could only circle around him (without any expansion or contraction, related to the relative centrifugal (centripetal) velocity) and will have stable orbits with respect to this observer. 
Therefore, if a (L n ; g)-space allows for the existence of an observer, who could not detect any centrifugal (centripetal) relative velocity, the expansion velocity is compensated by the shear velocity in the space on the basis of the relation µ = §(n ¡ 1) ¢ ¾(n ? ; n ? ).
Remark 2.17. The Hubble function H is introduced in the above considerations only on a purely kinematic basis related to the notions of relative velocity and centrifugal (centripetal) relative velocity. Its dynamic interpretation in a theory of gravitation depends on the structure of the theory and the relations between the¯eld equations and the Hubble function.
Coriolis' velocity
The vector¯eld
is called Coriolis' velocity.
Properties of the Coriolis' velocity
(a) The Coriolis velocity is orthogonal to the vector¯eld u, interpreted as velocity of a mass element (particle), i.e.
Proof 2.18. From the de¯nition of the Coriolis velocity, it follows 
On the other hand, because of (u)(h u ) = h u (u) = 0, and
Since
we obtain
Special case 2.19. ¾ := 0, µ := 0 (shear-free and expansion-free velocity).
Special case 2.20. ! := 0 (rotation-free velocity).
Special case 2.21. µ := 0, ! := 0 (expansion-free and rotation-free velocity).
Special case 2.22. ¾ := 0, ! := 0 (shear-free and rotation-free velocity).
Special case 2.23. µ := 0 (expansion-free velocity).
The square v 2 c of v c could be found on the basis of the relation v
Therefore, the length of v c does not depend on the expansion velocity invariant µ.
Special case 2.24. ¾ := 0 (shear-free velocity).
Special case 2.25. ! := 0 (rotation-free velocity).
It follows from the previous expression that even if the rotation velocity tensor ! is equal to zero (! = 0), the Coriolis (relative) velocity v c is not equal to zero if ¾ 6 = 0.
(d) The scalar product between v c and rel v could be found in its explicit form by the use of the relations:
(e) The explicit form of v c could be found by the use of the relations
Therefore, the Coriolis velocity does not depend on the expansion velocity invariant µ.
Special case 2.26. ¾ := 0 (shear-free velocity)
.
Special case 2.27. ! := 0 (rotation-free velocity).
(f) The Coriolis velocity v c is orthogonal to the deviation vector » ? , i.e. g(v c ; » ? ) = 0.
Centrifugal (centripetal) and Coriolis' accelerations
In an analogous way, as in the case of the centrifugal (centripetal) and Coriolis' velocities, the corresponding accelerations could be de¯ned by the use of the projections of the relative acceleration rel a = g[h u (r u r u » ? )] along or orthogonal to the vector¯eld » ?
where 
Centrifugal (centripetal) acceleration
The centrifugal (centripetal) acceleration has speci¯c properties which will be considered below on the basis of the properties of the relative acceleration rel a. The relative acceleration rel a is orthogonal to the vector¯eld u:
(a) The centrifugal (centripetal) acceleration a z is orthogonal to the vector¯eld u, i.e.
g(u; a z ) = 0: (95) 
it follows that g(a z ; a c ) = 0.
(c) The length of the vector a z could be found on the basis of the relations
Therefore, in general, the square a Special case 3.4. M n = E n , n = 3 (3-dimensional Euclidean space).
The length l az =j g(a z ; a z ) j If the relative acceleration rel a is equal to zero, then the centrifugal (centripetal) acceleration a z is also equal to zero. (d) The scalar product g(» ? ; rel a) could be found in its explicit form by the use of the explicit form of rel a [9] 
Special case 3.5. s D := 0 (shear-free acceleration).
Special case 3.6. U := 0 (expansion-free acceleration).
(e) The explicit form of a z could be found in the form
a z is a centripetal (relative) acceleration. The (relative) centrifugal (centripetal) acceleration a z could be written also in the form
The invariant function q could be denoted as the acceleration function or the acceleration parameter. Its explicit form depends on the explicit forms of the expansion acceleration invariant U and on the shear acceleration tensor s D [9, 11] . The centrifugal (centripetal) acceleration a z has an analogous form to the centrifugal (centripetal) velocity v z
Since §l vz = H ¢ l » ? and §l az = q ¢ l » ? , we can express l » ? from the one of these expressions
and put it into the other relation. As a result we could¯nd the relation between the absolute values of a z and v z
Therefore, the absolute value l az of the centrifugal (centripetal) acceleration a z could be related to the absolute value l vz of the centrifugal (centripetal) velocity v z by means of the Hubble's function H and the acceleration parameter q. Then
Remark 3.7. In Einstein's theory of gravitation, on the basis of cosmological models with Robertson-Walker metrics, the acceleration parameter is introduced as [5] q
A comparison with the expression for q shows that q ¹ q ¢ H 2 , and q ¹ q=H 2 . It should be stressed that the acceleration parameter q is introduced on a pure kinematic basis and is not dependent on a special type of gravitational theory in a (L n ; g)-space (Einstein's theory of gravitation could be considered as a gravitational theory in a special type of a (L n ; g)-space with n = 4 and (L n ; g) ² V 4 ).
In a theory of gravitation, the centripetal (relative) acceleration could be interpreted as gravitational acceleration.
Special case 3.8. s D := 0 (shear-free relative acceleration).
If the expansion acceleration invariant U > 0, the acceleration a z is a centrifugal (or expansion) acceleration. If U < 0 the acceleration, a z is a centripetal (or contraction) acceleration. Therefore, in the case of a shear-free relative acceleration, the centrifugal or the centripetal acceleration is proportional to the expansion acceleration invariant U .
Coriolis' acceleration
The vector¯eld a c , de¯ned as
is called Coriolis' (relative) acceleration. On the basis of its de¯nition, the Coriolis acceleration has well de¯ned properties.
(a) The Coriolis acceleration is orthogonal to the vector¯eld u, i.e.
g(u; a c ) = 0: (121) 
For a 2 c we obtain
it follows for rel a
On the other side,
Therefore,
Special case 3.10. s D := 0 (shear-free acceleration).
Special case 3.11. W := 0 (rotation-free acceleration).
The explicit form of a c could be found by the use of the relations:
Therefore, the Coriolis acceleration a c does not depend on the expansion acceleration invariant U .
Special case 3.12. s D := 0 (shear-free acceleration).
Special case 3.13. W := 0 (rotation-free acceleration).
The Coriolis acceleration depends on the shear acceleration s D and on the rotation acceleration W . These types of accelerations generate a Coriolis acceleration between particles or mass elements in a°ow.
Centrifugal (centripetal) acceleration as gravitational acceleration
The main idea of the Einstein theory of gravitation (ETG) is the identi¯cation of the centripetal acceleration with the gravitational acceleration. The weak equivalence principle states that a gravitational acceleration could be identi¯ed with a centripetal acceleration and vice versa. From this point of view, it is worth to be investigating the relation between the centrifugal (centripetal) acceleration and the Einstein theory of gravitation as well as the possibility for describing the gravitational interaction as result of the centrifugal (centripetal) acceleration generated by the motion of mass elements (particles). The structure of the centrifugal (centripetal) acceleration could be considered on the basis of its explicit form expressed by means of the kinematic characteristics of the relative acceleration and the relative velocity. The centrifugal (centripetal) acceleration is written as
The vector¯eld » ? is directed outside of the trajectory of a mass element (particle). If the mass element generates a gravitational¯eld, the acceleration a z should be in the direction toward the mass element. If the mass element moves in an external gravitational eld caused by an other gravitational source then the acceleration a z should be directed to the source. The expansion (contraction) invariant U could be expressed by means of the kinematic characteristics of the relative acceleration or of the relative velocity in the forms [3, 9] 
where F U 0 is the torsion-free and curvature-free expansion acceleration, T U 0 is the expansion acceleration induced by the torsion and I is the expansion acceleration induced by the curvature, U 0 is the curvature-free expansion acceleration
In the ETG only the term I is used on the basis of the Einstein equations. The invariant I represents an invariant generalization of Newton's gravitational law [13] . In a V n -space (n = 4) of the ETG, a free moving spinless test particle with a = 0 will have an expansion (contraction) acceleration U = I (U 0 = 0) if R ij 6 = 0 and U = I = 0 if R ij = 0. At the same time, in a V n -space (the bars over the indices should be omitted)
Since Since
we have
Special case 4.1. V n -space: S := C.
In a V n -space the components a i z of the centrifugal (centripetal) acceleration a z have the form
If the Einstein equations in vacuum without cosmological term (¸0 = 0) are valid, i.e. if
are ful¯lled then
If a z is a centripetal acceleration interpreted as a gravitational acceleration for free spinless test particles moving in an external gravitational¯eld (R ij = 0), then the condition g < 0 should be valid if the centripetal acceleration is directed to the particle. If the centripetal acceleration is directed to the gravitational source (in the direction » ? ) then g > 0.
From a more general point of view as that in the ETG, a gravitational theory could be worked out in a (L n ; g)-space where a z could also be interpreted as gravitational acceleration of mass elements or particles generating a gravitational¯eld by themselves and caused by their motions in space-time.
If we consider a frame of reference in which a mass element (particle) is at rest, then u i = g 
For the Schwarzschild metric 
Then
If the co-ordinate time t = x 4 =c is chosen as equal to the proper time ¿ of the particle, i.e. if t = ¿ then
For the centrifugal (centripetal) acceleration we obtain
which is exactly the relative gravitational acceleration between two mass elements (particles) with co-ordinates x c1 = r and x c2 = r + » 1 ? [14] . Therefore, the centrifugal (centripetal) acceleration could be used for formulating a theory of gravitation in a space with a±ne connections and metrics, as has been done in the Einstein theory of gravitation.
Conclusions
In the present paper, the notions of (relative) centrifugal (centripetal) and (relative) Coriolis' velocities and accelerations are introduced and considered in spaces with a±ne connections and metrics as velocities and accelerations of°ows of mass elements (particles) moving in space-time. It is shown that these types of velocities and accelerations are generated by the relative motions between the mass elements. The centrifugal (centripetal) velocity is found to be in connection with the Hubble law in spaces with a±ne connections and metrics. [The relations between null vector¯elds and the Hubble and the Doppler e®ects will be considered elsewhere [17] .] The accelerations are closely related to the kinematic characteristics of the relative velocity and relative acceleration. The centrifugal (centripetal) acceleration could be interpreted as gravitational acceleration as has been done in the Einstein theory of gravitation. This fact could be used as a basis for formulating new gravitational theories in spaces with a±ne connections and metrics.
